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Abstract. We obtain q-analogues of the Sylvester, Cesa`ro, Pasternack, and
Bateman polynomials. We also derive generating functions for these polyno-
mials.
1. Introduction
Trying to construct inverse Laplace transforms in order to better understand
some radiation and conduction problems, H. Bateman introduced in [1] the poly-
nomial
Zn(z) = 2F2
(
−n, n+ 1
1, 1
; z
)
,
which we refer to as the Bateman-Z polynomial. By using [7, Theorem 48], we
obtain the generating function
∞∑
n=0
Zn(z) t
n =
1
1− t
1F1
(
1
2
1
;
−4zt
(1− t)2
)
.
Using the above information, the Bateman polynomials are defined as [2, p. 25]
Bn(z) = 3F2
(
−n, n+ 1, z+1
2
1, 1
; 1
)
.
He also obtained the generating functions
∞∑
n=0
Bn(z) t
n =
1
1− t
2F1
(
1
2
, z+1
2
1
;
−4t
(1 − t)2
)
,
∞∑
n=0
(Bn(z − 2)−Bn(z)) t
n =
2t
(1− t)3
2F1
(
3
2
, z+1
2
2
;
−4t
(1 − t)2
)
.
Lemma 1.1. Let t ∈ C. Then the following relation holds:
∞∑
n=0
Bm(−2n− 1)
tn
n!
= etZm(−t). (1.1)
The Bateman polynomial Bn was generalized by Pasternack in [6]. He defines
the Pasternack polynomial Bmn as
B
m
n (z) = 3F2
(
−n, n+ 1, z+m+1
2
1,m+ 1
; 1
)
,
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for m ∈ C\{−1}. The Pasternack polynomials reduce to the Bateman polynomials
when m = 0.
Further information regarding such polynomials and their connection with (clas-
sical) orthogonal polynomials can be found in [5]. Indeed, we can write the Paster-
nack polynomials in terms of the continuous Hahn polynomials [4, (9.4.1)] as follows
[5, p. 893]:
B
m
n (z) =
1
in(m+ 1)n
pn
(
−iz
2
;
1 +m
2
,
1−m
2
,
1−m
2
,
1 +m
2
)
.
We also consider the Sylvester polynomials, defined as (see [8, p. 185])
ϕn(z) =
zn
n!
2F0
(
−n, z
−
;
−1
z
)
.
Notice that we also can write the Sylvester polynomials in terms of (classical)
orthogonal polynomials [4]
ϕn(z) = (−1)
nL(−z−n)n (z) =
zn
n!
Cn(−z; z).
Here L
(α)
n and Cn represent the Laguerre and Charlier polynomials, respectively.
It is also known that the Sylvester polynomials satisfy the generating functions
∞∑
n=0
ϕn(z) t
n =
ezt
(1− t)z
,
∞∑
n=0
(λ)n ϕn(z) t
n =
1
(1− zt)λ
2F0
(
λ, z
−
;
t
1− zt
)
.
The Cesa`ro polynomials are defined as [8, p. 449]
g(s)n (z) =
(1 + s)n
n!
2F1
(
−n, 1
−s− n
; z
)
.
Observe that this family can be written in terms of Jacobi polynomials [8, p. 449]
as
g(s)n (z) = P
(s+1,−s−n−1)
n (2z − 1).
Furthermore, they satisfy the generating functions
∞∑
n=0
g(s)n (z) t
n = (1− t)−s−1(1− zt)−1,
∞∑
n=0
(
n+ ℓ
ℓ
)
g
(s)
n+ℓ(z) t
n = (1− t)−s−1−ℓ(1 − zt)−1g
(s)
ℓ
(
z(1− t)
1− zt
)
,
where ℓ = 0, 1, 2, ....
The aim of this paper is to obtain q-analogues of all these families of polynomials
as well as q-analogues of the generating functions stated above. The structure of
this paper is as follows. In Section 2 we give some preliminaries on q-calculus and
we define some q-analogues of Bateman-Z , Bateman, Sylvester, Pasternack, and
Cesa`ro polynomials. In Section 3 we state and derive q-analogues of the given
generating functions associated with the q-Bateman-Z , q-Bateman, q-Sylvester,
q-Pasternack, and q-Cesa`ro polynomials.
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2. Some q-Calculus. The Definitions.
Let q ∈ C, 0 < |q| < 1. A q-analogue of the hypergeometric series pFr is the
basic hypergeometric series [3]
rφs
(
a1, a2, . . . , ar
b1, b2, . . . , bs
; q, z
)
=
∞∑
k=0
(a1; q)k(a2; q)k · · · (ar; q)k
(b1; q)k(b2; q)k · · · (bs; q)k
(
(−1)kq
k(k−1)
2
)1+s−r
zk
(q; q)k
,
where q 6= 0 when r > s + 1, and the (bi) are such that the denominator never
vanishes. We also need to define some other q-analogues, such as the q-analogue of
a number [a]q, factorial [a]q!, and the Pochhammer symbol (rising factorial), (a)n.
These q-analogues are given as follows:
[a]q =
1− qa
1− q
,
[0]q! = 1, [n]q! =
n∏
k=1
[k]q, n ∈ N,
(a; q)0 = 1, (a; q)n = (1− a)(1 − q) · · · (1− aq
n−1), n ∈ N.
We also will need a q-analogue of the binomial theorem [3, (1.3.2)]
1φ0
(
a
−
; q, z
)
=
∞∑
k=0
(a; q)k
(q; q)k
zk =
(az; q)∞
(z; q)∞
, |z| < 1, |q| < 1, (2.1)
and the q-binomial coefficient[
n
k
]
q
=
(q; q)n
(q; q)k(q; q)n−k
. (2.2)
Taking into account the previous definitions and results, we define q analogues
of the above introduced polynomials. We define
Zn(z; q) = 2φ2
(
q−n, qn+1
q, q
; q, qnz
)
,
and the q-Bateman polynomial as
Bn(z; q) = 3φ2
(
q−n, qn+1, q
1+z
2
q, q
; q, qn
)
,
the q-Pasternack polynomial as
B
m
n (z; q) = 3φ2
(
q−n, qn+1, q
1+z+m
2
q, qm+1
; q, qn
)
,
the q-Sylvester polynomial as
ϕn(z; q) =
zn
(q; q)n
2φ0
(
q−n, qz
−
; q, qnz−1
)
,
the q-Cesa`ro polynomial as
g(s)n (z; q) =
(qs+1; q)n
(q; q)n
2φ1
(
q−n, q
q−s−n
; q, z
)
.
Remark 2.1. Note that B0n(z; q) = Bn(z; q).
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Lemma 2.2. The q-Cesa`ro polynomial can be written as
g(s)n (z; q) =
n∑
k=0
[
k + s
s
]
q
(zqs)n−k. (2.3)
3. The Generating Functions
Theorem 3.1. For any t ∈ C small enough, the q-Bateman-Z and the q-Bateman
polynomials satisfy the following generating functions:
∞∑
n=0
Zn(z; q) t
n =
1
1− t
4φ5
(
−q, q
1
2 ,−q
1
2 , 0,
q, qt
1
2 ,−qt
1
2 , (qt)
1
2 ,−(qt)
1
2
; q, zt
)
,
(3.1)
∞∑
n=0
Bn(z; q) t
n =
1
1− t
5φ5
(
−q, q
1
2 ,−q
1
2 , q
z+1
2 , 0
q, (qt)
1
2 ,−(qt)
1
2 , qt
1
2 ,−qt
1
2
; q, t
)
,
(3.2)
∞∑
n=0
(
Bn(z − 2; q)−Bn(z; q)
)
tn =
q
z−1
2 (1 + q)t
(t; q)3
5φ5
(
−q2, q
3
2 ,−q
3
2 , q
z+1
2 , 0
q2, (q3t)
1
2 ,−(q3t)
1
2 , q2t
1
2 ,−q2t
1
2
; q, qt
)
.
(3.3)
Proof. Let us start by proving identity (3.2), namely
∞∑
n=0
Bn(z; q) t
n =
∞∑
n=0
n∑
k=0
(q−n; q)k(q
n+1; q)k(q
z+1
2 ; q)k
(q; q)3k
(qkt)n.
By using the identity
(q−n; q)k =
(q; q)n
(q; q)n−k
(−1)kq
k(k−1)
2
−nk, k = 0, 1, . . . , n,
we have
∞∑
n=0
Bn(z; q) t
n =
∞∑
n=0
n∑
k=0
(q; q)n+k(q
z+1
2 ; q)k
(q; q)n−k(q; q)3k
(−1)kq
k(k−1)
2 tn.
Next, we rearrange the double summation and set n 7→ n+ k, obtaining
∞∑
n=0
Bn(z; q) t
n =
∞∑
k=0
∞∑
n=0
(q; q)n+2k(q
z+1
2 ; q)k
(q; q)n(q; q)3k
(−1)kq
k(k−1)
2 tn+k
=
∞∑
k=0
(q; q)2k(q
z+1
2 ; q)k
(q; q)3k
(−t)kq
k(k−1)
2
∞∑
n=0
(q2k+1; q)n
(q; q)n
tn.
By using the identity
(a; q)2n = (a
1
2 ; q)n(−a
1
2 ; q)n((aq)
1
2 ; q)n(−(aq)
1
2 ; q)n,
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and (2.1), we obtain for the generating function
=
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k(q
z+1
2 ; q)k
(q; q)2k
(−t)kq
k(k−1)
2
(q2k+1t; q)∞
(t; q)∞
=
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k(q
z+1
2 ; q)k
(t; q)2k+1(q; q)2k
(−t)kq
k(k−1)
2
=
1
1− t
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k(q
z+1
2 ; q)k
(qt; q)2k(q; q)2k
(−t)kq
k(k−1)
2
=
1
1− t
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k(q
z+1
2 ; q)k
(q; q)k((qt)
1
2 ; q)k(−(qt)
1
2 ; q)k(qt
1
2 ; q)k(−qt
1
2 ; q)k
(−1)kq
k(k−1)
2
tk
(q; q)k
.
Hence the identity follows. In order to prove identity (3.3):
∞∑
n=0
(
Bn(z − 2; q)−Bn(z; q)
)
tn =
∞∑
n=0
n∑
k=0
(q−n; q)k(q
n+1; q)k
(q; q)3k
qnk
(
(q
z−1
2 ; q)k − (q
z+1
2 ; q)k
)
tn
=
∞∑
n=0
n∑
k=0
(q−n; q)k(q
n+1; q)k
(q; q)3k
qnk(q
z+1
2 ; q)k−1(1− q
k)(−q
z−1
2 )tn
=
∞∑
n=0
n∑
k=0
(q; q)n+k(q
z+1
2 ; q)k−1(−1)
k−1q
z−1
2 q
k(k−1)
2
(q; q)n−k(q; q)k−1(q; q)2k
tn.
Taking into account that the above expression vanishes at k = 0 we set k 7→ k+ 1,
rearrange the double sum, and set n 7→ n+ k, yielding
=
∞∑
k=0
∞∑
n=0
(q; q)n+2k+1(q
z+1
2 ; q)k(−1)
kq
z−1
2 q
k(k+1)
2
(q; q)n−1(q; q)k(q; q)k+1(q; q)k+1
tn+k.
Here, again, the series vanishes at n = 0 so we set n 7→ n+1. Applying some basic
identities of q-Pochhammer symbols, we obtain
= (1 + q)q
z−1
2 t
∞∑
k=0
∞∑
n=0
(q3; q)n+2k(q
z+1
2 ; q)kq
k(k−1)
2
(q; q)n(q; q)k(q2; q)k(q2; q)k
(−qt)ktn
=(1 + q)q
z−1
2 t
∞∑
k=0
(q3; q)2k(q
z+1
2 ; q)k
(q; q)k(q2; q)k(q2; q)k
q
k(k−1)
2 (−qt)k
∞∑
n=0
(q3+2k; q)n
(q; q)n
tn.
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Applying again (2.1) and simplifying one has
=(1 + q)q
z−1
2 t
∞∑
k=0
(q3; q)2k(q
z+1
2 ; q)k
(q; q)k(q2; q)k(q2; q)k
q
k(k−1)
2 (−qt)k
1
(t; q)3+2k
=(1 + q)q
z−1
2 t
∞∑
k=0
(q
3
2 ; q)k(−q
3
2 ; q)k(−q
2; q)k(q
z+1
2 ; q)k
(q; q)k(q2; q)k
q
k(k−1)
2 (−qt)k
1
(t; q)3+2k
=
(1 + q)
(t; q)3
q
z−1
2 t
∞∑
k=0
(q
3
2 ; q)k(−q
3
2 ; q)k(−q
2; q)k(q
z+1
2 ; q)kq
k(k−1)
2
(q; q)k(q2; q)k((tq3)
1
2 ; q)k(−(tq3)
1
2 ; q)k(q2t
1
2 ; q)k(−q2t
1
2 ; q)k
(−qt)k.
Therefore the identity follows. Let us prove the generating function (3.3). We have
∞∑
n=0
Zn(z; q) t
n =
∞∑
n=0
n∑
k=0
(q−n; q)k(q
n+1; q)k(−1)
kq
k(k−1)
2
(q; q)3k
zkqnktn
=
∞∑
n=0
n∑
k=0
(q; q)n+k q
k(k−1)
(q; q)n−k(q; q)3k
zktn.
As in the previous identities, we rearrange the double sums and set n 7→ n + k
obtaining
=
∞∑
k=0
∞∑
n=0
(q; q)n+2k q
k(k−1)
(q; q)n(q; q)3k
zktn+k =
∞∑
k=0
(q; q)2k q
k(k−1)
(q; q)3k
(zt)k
∞∑
n=0
(q2k+1; q)n
(q; q)n
tn
=
∞∑
k=0
(q; q)2k q
k(k−1)
(q; q)3k
(zt)k
(t; q)2k+1
=
1
1− t
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k q
k(k−1)
(q; q)k(q; q)k (tq; q)2k
(zt)k
=
1
1− t
∞∑
k=0
(−q; q)k(q
1
2 ; q)k(−q
1
2 ; q)k q
k(k−1)
(q; q)k(q; q)k((tq)
1
2 ; q)k(−(tq)
1
2 ; q)k(qt
1
2 ; q)k(−qt
1
2 ; q)k
(zt)k.
Hence the identity follows. 
Theorem 3.2. For any t ∈ C small enough, the following identities hold:
∞∑
n=0
Bm(−2n− 1; q)
tn
(q; q)n
=
1
(t; q)∞
Zm(tq
−n; q), (3.4)
∞∑
n=0
B
j
m(−2n− 1− j; q) t
n =
1
1− t
2φ2
(
q−m, qm+1
qj+1, tq
; q; t
)
, (3.5)
∞∑
n=0
B
j
m(−2n− 1− j; q)
(qλ; q)n
(q; q)n
tn =
1
(t; q)λ
3φ3
(
q−m, qm+1, qλ
q, qj+1, tqλ
; q; t
)
, λ ∈ C.
(3.6)
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Proof. Observe that if we set λ = 1 in (3.6) we obtain (3.5). Since |q| < 1, taking
the limit λ → ∞, setting j = 0, and taking into account the definition of the q-
Bateman polynomials yields (3.4). Let us prove (3.6). Setting z = −2n− 1− j in
the q-Pasternack polynomial, and using their basic hypergeometric expansion, we
have
∞∑
n=0
B
j
m(−2n− 1− j; q)
(qλ; q)n
(q; q)n
tn =
∞∑
n=0
n∑
k=0
(q−m; q)k(q
m+1; q)k(q
−n; q)k
(q; q)2k(q
j+1; q)k
qnktn
(qλ; q)n
(q; q)n
=
∞∑
n=0
n∑
k=0
(q−m; q)k(q
m+1; q)k(−1)
kq
k(k−1)
2 tn(qλ; q)n
(q; q)2k(q
j+1; q)k(q; q)n−k
=
∞∑
k=0
∞∑
n=0
(q−m; q)k(q
m+1; q)k(−t)
kq
k(k−1)
2
(q; q)2k(q
j+1; q)k
tn(qλ; q)n+k
(q; q)n
=
1
(t; q)λ+k
∞∑
k=0
(q−m; q)k(q
m+1; q)k(q
λ; q)k(−t)
kq
k(k−1)
2
(q; q)k(q; q)k(qj+1; q)k
=
1
(t; q)λ
3φ3
(
q−m, qm+1, qλ
q, qj+1, tq
; q; t
)
.

Lemma 1.1 is straightforward as a limiting case of expression (3.4). The result
follows by setting t 7→ t(1 − q), taking the limit q ↑ 1, and taking into account the
limiting relations
lim
q↑1
(1− q)n
(q; q)n
=
1
n!
, lim
q↑1
1
(t(1 − q); q)∞
= et,
and
lim
q↑1
2φ2
(
qa, qb
qc, qd
; q; t(q − 1)
)
= 2F2
(
a, b
c, d
; t
)
.
In fact, we obtain a new generating function for the Pasternack and Bateman
polynomials by taking the same limit q ↑ 1.
Corollary 3.3. The following identities hold:
∞∑
n=0
Bm(−2n− 1) t
n =
1
1− t
Pm
(
1 + t
1− t
)
,
∞∑
n=0
Bm(−2n− 1)
(λ)n
n!
tn =
1
(1− t)λ
3F2
(
−m,m+ 1, λ
1, 1
;
−t
1− t
)
,
∞∑
n=0
B
j
m(−2n− 1− j) t
n =
1
1− t
2F1
(
−m,m+ 1
j + 1
;
−t
1− t
)
,
∞∑
n=0
B
j
m(−2n− 1− j)
(λ)n
n!
tn =
1
(1− t)λ
3F2
(
−m,m+ 1, λ
1, j + 1
;
−t
1− t
)
,
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where Pm is the Legendre polynomial.
Theorem 3.4. For any t ∈ C small enough, the q-Pasternack polynomials satisfy
the following generating function:
∞∑
n=0
B
m
n (z; q) t
n =
1
1− t
5φ5
(
−q, q
1
2 ,−q
1
2 , q
z+m+1
2 , 0
qm+1, (qt)
1
2 ,−(qt)
1
2 , qt
1
2 ,−qt
1
2
; q, t
)
. (3.7)
Proof. Taking into account the expression of the basic hypergeometric series for
these polynomials we have
∞∑
n=0
B
m
n (z; q) t
n =
∞∑
n=0
n∑
k=0
(q−n; q)k(q
n+1; q)k(q
z+m+1
2 ; q)k
(q; q)2k(q
m+1; q)k
(qkt)n
=
∞∑
n=0
n∑
k=0
(q; q)n+k(q
z+m+1
2 ; q)k
(q; q)n−k(q; q)2k(q
m+1; q)k
(−1)kq
k(k−1)
2 tn
=
∞∑
k=0
∞∑
n=0
(q; q)n+2k(q
z+m+1
2 ; q)k
(q; q)n(q; q)2k(q
m+1; q)k
(−1)kq
k(k−1)
2 tn+k
=
∞∑
k=0
(q; q)2k(q
z+m+1
2 ; q)k
(q; q)2k(q
m+1; q)k
(−1)kq
k(k−1)
2 tk
(q2k+1t; q)∞
(t; q)∞
=
1
1− t
∞∑
k=0
(q; q)2k(q
z+m+1
2 ; q)k
(q; q)2k(q
m+1; q)k(qt; q)2k
(−1)kq
k(k−1)
2 tk
=
1
1− t
∞∑
k=0
(q
1
2 ; q)k(−q
1
2 ; q)k, (−q; q)k(q
z+m+1
2 ; q)k (−1)
kq
k(k−1)
2
(q; q)k(qm+1; q)k((qt)
1
2 ; q)k(−(qt)
1
2 ; q)k(qt
1
2 ; q)k(−qt
1
2 ; q)k
tk.

Observe that we obtain (3.2) by setting m = 0 in (3.7).
Theorem 3.5. The q-Sylvester polynomials satisfy the following generating func-
tions:
∞∑
n=0
ϕn(z; q) t
n =
(qzt; q)∞
(t, zt; q)∞
, (3.8)
∞∑
n=0
(qλ; q)n ϕn(z; q) t
n =
1
(zt; q)λ
2φ1
(
qλ, qz
ztqλ
; q, t
)
, (3.9)
where the principal values of qz and qλ are taken.
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Proof. Let us prove the generating function (3.9) by using an analogous method
as before, namely
∞∑
n=0
(qλ; q)n ϕn(z; q) t
n =
∞∑
n=0
n∑
k=0
(q−n; q)k(q
z ; q)k(−1)
kq−
k(k−1)
2 (qλ; q)n
(q; q)n(q; q)k
qnkzn−ktn
=
∞∑
n=0
n∑
k=0
(qz ; q)k(q
λ; q)n
(q; q)n−k(q; q)k
zn−ktn =
∞∑
k=0
∞∑
n=0
(qz; q)k(q
λ; q)n+k
(q; q)n(q; q)k
zntn+k
=
∞∑
k=0
(qz ; q)k(q
λ; q)k
(q; q)k
tk
∞∑
n=0
(qλ+k; q)n(zt)
n
(q; q)n
=
∞∑
k=0
(qz; q)k(q
λ; q)k
(q; q)k(zt; q)λ+k
tk
=
1
(zt; q)λ
∞∑
k=0
(qz ; q)k(q
λ; q)k
(q; q)k(ztqλ; q)k
tk.
Since |q| < 1, (3.8) follows from taking λ →∞ and applying (2.1), both generating
functions hold. 
Theorem 3.6. For any t ∈ C small enough, the q-Cesa`ro polynomials satisfy the
following generating function:
∞∑
n=0
g(s)n (z; q) t
n =
1
(1− tzqs)(t; q)s+1
. (3.10)
Proof. Let us prove this by using (2.3) and some basic properties of the q-Pochhammer
symbol:
∞∑
n=0
g(s)n (z; q) t
n =
∞∑
n=0
n∑
k=0
[
k + s
s
]
q
(qzs)n−ktn =
∞∑
n=0
n∑
k=0
[
n− k + s
s
]
q
(qzs)ktn
=
∞∑
k=0
∞∑
n=0
[
n+ s
s
]
q
(tqzs)ktn =
1
(1− tzqs)(t; q)s+1
.

We leave it to the reader to check that by taking limit q ↑ 1, we recover the original
expressions by using the limit identities we gave before Theorem 3.4. In the future,
it would be interesting to see if it is possible to use q-calculus to obtain q-analogues
of the results obtained in [1].
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